Motivated by the Channel Assignment Problem, we study radio k-labelings of graphs. A radio k-labeling of a connected graph G is an assignment c of non negative integers to the vertices of G such that
Introduction
In wireless networks, an important task is the assignment of radio frequencies to transmitters in a way that avoids interferences of their signals. An interference of signals can occur when transmitters which are close apart receive close frequencies. This problem has been modelled mathematically in a variety of colorings and labelings of vertices of graphs, where vertices represent transmitters and edges indicate closeness of the transmitters. In this context, a general L(p 1 , p 2 , . . . , p t )-labeling problem (see e.g. [8] ) has been proposed: find a labeling of the vertices of a given graph G such that labels of any two vertices of G at distance d differ by at least p d . The aim is to minimize range (or span) of used frequencies, i.e., the difference between the smallest and the largest used label.
The problem of the L(p 1 , p 2 , . . . , p t )-labeling appears to be difficult in general, hence many particular cases have been studied. Among all, labelings with constraints at two distances, particularly L(2, 1)-labeling introduced by Griggs and Yeh in [7] , have been the subject of many articles. In this paper, we focus on the radio k-labeling problem, which one can see as an extension of L(2, 1)-labeling and also as a particular case of the general L(p 1 , p 2 , . . . , p t )-labeling.
Let G be a connected graph and let k be an integer, k ≥ 1. The distance between two vertices u and v of G is denoted by d G (u, v) (or simply d (u, v) ) and the diameter of G is denoted by diam(G). A radio k-labeling c of G is an assignment of non negative integers to the vertices of G such that
for every two distinct vertices u and v of G. The span of the function c denoted by rl k (c), is max{c(x) − c(y) : x, y ∈ V (G)}. The radio k-labeling number rl k (G) of G is the minimum span among all radio k-labelings of G.
The study of radio k-labelings was initiated by Chartrand et al. [4] . Quite few results are known concerning radio k-labelings. The radio k-labeling number for paths was first studied by Chartrand et al. [4] , where lower and upper bounds were given. These bounds have been improved by Kchikech et al. [8] .
Radio k-labelings have been investigated mainly for fixed values of k. A radio 1-labeling is a proper vertex-colouring and rl 1 (G) = χ(G)−1. For k = 2, the radio 2-labeling problem corresponds to the well studied L(2, 1)-labeling problem as we mentioned above. Large values of k (close to the diameter of the graph) were also considered for radio k-labelings as radio labeling (k = diam(G)) and radio antipodal labeling (k = diam(G) − 1). The interested reader is referred to surveys [5, 17] and recent papers [15, 19] for complementary results.
Note that the authors of [1, 2, 3, 4] assume that the labels (colours) are positive.
However, when speaking about labelings in relation with frequency assignment, it is more common to use non negative integers as labels. Thus the notation of the present paper follows the terminology of [8, 9, 11, 12, 14, 15, 19] in which vertices are labeled by non negative integers.
One of motivations for the class of distance graphs considered in this paper comes from networks. In [23] , Wong and Coppersmith introduced a concept of multiloop networks M L(N, s 1 , . . . , s l ) for organizing multimodule memory devices. In the graph terminology, such a network can be viewed as a graph with N nodes 0, 1, . . . , N − 1 and lN links of l types, where the i-type links (i = 1, . . . , l) are i, j-edges where i − j ≡ s i (mod N ). Such graphs are usually called circulant graphs. For infinitely large N , these multiloop networks become graphs which are called distance graphs. In fact, circulant graphs coincide exactly with the regular distance graphs as it was shown in [18] . Distance graphs were introduced by Eggleton et al. in [6] , a lot of papers on different kinds of colorings of distance graphs have been published in last 20 years, including some results for L(2, 1)-labelings (see [10, 20, 21] ).
has the set Z of integers as a vertex set and in which two distinct vertices i, j ∈ Z are adjacent if and only if |i − j| ∈ D.
In [10, 20, 21] , radio 2-labeling numbers have been determined only for some of the distance graphs (mainly 4-regular). The aim of this paper is to obtain bounds on the radio k-labeling number of some distance graphs in terms of k (and not depending on the order of the graph). For any positive integer t ≥ 2 we show that
when k is even.
In Propositions 2 and 3 we give analogous lower bounds for the radio k-labeling number of distance graphs D(1, t) and D(t − 1, t) for k ≥ 
Lower bounds
A classical method for finding a lower bound on the radio k-labeling number of a graph is to use the following relation with another graph parameter called the upper traceable number [16] , denoted t + : for a graph G of order n and for a linear ordering s : (
, where the maximum is taken over all linear orderings s of vertices of G.
Theorem 1 ([8]).
For any integer k ≥ 1, and any graph G of order n,
In order to find bounds for the upper traceable number of some distance graphs, the upper traceable number of the path (determined in [14] , without using the above terminology) will be useful:
). For any integer n ≥ 2, 
Proof. For a path P on the vertices 0, 1, . . . , n − 1, we have d P (i, j) = |j − i| for every i, j ∈ {0, 1, . . . , n − 1}. Hence, for any ordering (x 1 , x 2 , . . . , x n ) of the vertices of G, we
Therefore, with Lemma 1, we obtain the desired inequality.
Proposition 1. For any positive integers k ≥ 1 and t ≥ 2,
Proof. Let n > t and let G = D n (1, 2, . . . , t). It is easily seen that for j ≥ i,
Hence G satisfies the conditions of Lemma 2 with α = t − 1 and β = t and we have
Consequently, by Theorem 1, we obtain that
The right hand side of the inequality is maximized when n = tk + 1 and it gives
. . , t) and since the radio k-labeling number is a natural number, we have rl
and the desired inequality is proved.
For the graphs D(1, t), we can show a lower bound of the same order by using a similar argument. We will use the following statement.
Lemma 3 ([22]
). The distance between two vertices i and j of D(1, t) is d(i, j) = min(q + r; q + 1 + t − r), where |i − j| = qt + r, with 0 ≤ r < t.
Proof. [22] Without loss on generality we can assume that j ≥ i. Any minimal path between i and j uses either q t-edges (edges joining vertex a with vertex a + t for any a ∈ Z) and r 1-edges (edges joining vertex a with vertex a + 1 for any a ∈ Z) or q + 1 t-edges and t − r 1-edges.
Proposition 2. For any positive integers
with P (t) =
Proof. Let n be a positive integer and let
Hence G satisfies the conditions of Lemma 2 with α = t 2 −1 2 and β = t and we have
The right hand side of the inequality is maximized when n = tk − ⌊ t 2 2 ⌋ + t and since, by the hypothesis, k ≥ t 2 , we get n ≥ 1. Reporting this value in the above inequality gives
After simplification, in both cases t is odd and t is even, we obtain
which concludes the proof.
For the graphs D(t − 1, t), we first compute an upper bound on the distance between two vertices:
Lemma 4. Let t ≥ 2 be an integer, i, j a pair of vertices of the graph G = D(t − 1, t) and
Proof. Let i, j be two integers with
with q, r ∈ N and 0 ≤ r < t. Hence, with the above,
Proposition 3. For any positive integers t ≥ 3 and k ≥ t,
with P (t) = t 2 − t + 1 and Q(t) =
Proof. Let n, t be integers, t ≥ 3, and let G = D n (t − 1, t). Then, for any integers i, j,
by Lemma 4.
Hence G satisfies the conditions of Lemma 2 with α = t 2 and β = t and we have
The right hand side of the inequality is maximized when n = tk + t − t 2 and since k ≥ t, we get n ≥ 1. Reporting this value in the above inequality gives
After simplification, we obtain
3 Upper bounds
Recall that a labeling c of vertices of a graph G is a radio k-labeling if, for every pair i, j of vertices of G,
where c i , c j denote labels of i and j respectively. and let |i − j| = qt + r, where q, r ∈ N, 0 ≤ r < t. Then d G (i, j) = q if r = 0 and
Proof. Suppose that j > i. There is a path P = i, i + t, i + 2t, . . . , i + qt of length q in G. If r = 0 then j = i + qt and hence d G (i, j) ≤ q, else there is an edge between vertices i + qt, i + qt + r = j in G and hence d G (i, j) ≤ q + 1. Clearly there is no shorter i, j-path
Theorem 2. Let t ≥ 2 be an integer, k be an even positive integer and G = D(1, 2, . . . , t).
Proof. First we define a periodical pattern of labels. For vertices 1, 2, . . . , tk + 3 of the distance graph G we set labels using the following table.
vertex 1 2 3 4 . . . Table 1 : A periodical pattern for G = D (1, 2, . . . , t) and even k.
Then we can define a labeling c of all vertices of G setting c(a + b(tk + 3)) = c(a), a ∈ {1, 2, . . . , tk + 3} and b ∈ Z, i.e., we repeat the defined periodical pattern for all
t).
Now we show that the labeling c is a radio k-labeling of G, i.e., the inequality (1) By the definition of the pattern given by Table 1 it follows that |i − j| = tk + 3. Then
implying that the inequality (1) holds.
Then trivially |i − j| > 0 and hence d G (i, j) > 0. This implies that the inequality (1) holds.
From pattern given by Table 1 we obtain |c i − c j | = k 2 , and |i − j| =
We have shown that the defined labeling is a radio k-labeling of G. The maximum used label is t 2 k 2 + k. Theorem 3. Let t ≥ 2 be a positive integer, k be an odd positive integer and let G = D (1, 2, . . . , t). Then
Proof. First we define periodical patterns of labels. For even t, we set labels of vertices 1, 2, . . . , tk + 1 of the distance graph G by Table 2 , where l = k + 1. vertex 1 2 3 4 . . . Table 2 : A periodical pattern for G = D (1, 2, . . . , t), odd k and even t.
Analogously, for odd t, we set labels of vertices 1, 2, . . . , tk + 1 of the distance graph G by Table 3 , where l = k + 1. vertex 1 2 3 4 . . . Table 3 : A periodical pattern for G = D(1, 2, . . . , t), odd k and odd t > 1.
Then, for any parity of t, we can define a labeling c of all vertices of G setting c(a + b(tk + 1)) = c(a), a ∈ {1, 2, . . . , tk + 1} and b ∈ Z, i.e., we repeat the defined periodical pattern for all vertices of G = D (1, 2, . .
. , t).
We show that the labeling c is a radio k-labeling of G, i.e., the inequality (1) holds for every i, j ∈ V (G). Note that the length of both patterns is tk + 1. For every pair i, j of vertices of G with |i − j| ≥ tk + 1, it holds that d G (i, j) > k. Therefore it suffices to prove that there is no conflict in labeling c between vertices in two consecutive copies of the pattern. If |c i − c j | > k then the inequality (1) trivially holds. Now we consider the following possibilities.
By the definition of the patterns given by Tables 2 and 3 it follows that |i − j| = tk + 1.
Thus d G (i, j) > k, implying that the inequality (1) holds.
From the patterns given by Tables 2 and 3 we obtain |c i − c j | = l 2 . Now we have two subcases depending on parity of t.
Subcase 3.1: t is even.
From pattern given by Table 2 we get |i − j| =
2 = k and the inequality (1) holds.
Subcase 3.2: t is odd.
From pattern given by Table 3 we have |i − j| = (D(1, 2) ) can be derived from radio labelings of the square of paths and cycles. Note that the square of a graph G is the graph with V (G 2 ) = V (G) in which two vertices are adjacent if their distance in G is at most two, and is denoted by G 2 . Let P 2 n and C 2 n be the square of the path and of the cycle of order n, respectively. The graph P 2 n is a subgraph of D(1, 2), and one can use any radio k-labeling of C 2 n as a pattern to label the distance graph D(1, 2). Liu and Xie showed that rl k (P 2 2k+1 ) = k 2 + 2 [12] and rl k (C 2 4k+1 ) = k 2 + 2k [13] . Thus we can obtain the following bounds for rl k (D(1, 2) )
From Theorem 2 and Theorem 3 we obtain the following statement which strengthens the upper bound mentioned in the previous inequality.
Corollary 1. For any positive integer k,
D(1, t)
Now we focus on the distance graphs G = D(1, t). For even k we did not find any improvement of the upper bound for rl k (G) given by Theorem 2, but for odd k we can improve the upper bound for rl k (G) from Theorem 3.
Theorem 4. Let t ≥ 3 and k ≥ 1 be odd integers, let G be a distance graph D(1, t). Then
Proof. First we define a periodical pattern of labels. For vertices 1, 2, . . . , tk + 1 of the distance graph G = D(1, t) we set labels using the following table.
Then we can define a labeling c of all vertices of G setting c(a + b(tk + 1)) = c(a), a ∈ {1, 2, . . . , tk + 1} and b ∈ Z, i.e., we repeat the defined periodical pattern for all vertices of G.
vertex 1 2 3 4 . . .
. . . tk + 1 label 0 k 2k 3k . . . Table 4 : A periodical pattern for G = D(1, t) and odd t ≥ 3.
Now we show that the labeling c is a radio k-labeling of G, i.e., the inequality (1) holds for every i, j ∈ V (G). Note that the length of the pattern is tk + 1 and clearly d G (i, j) > k for every i, j with |i − j| ≥ tk + 1. Therefore it suffices to prove that there is no conflict in labeling c between vertices in two consecutive copies of the pattern. If |c i − c j | > k then the inequality (1) trivially holds. Now we consider the following possibilities.
From the definition of the pattern given by Table 4 it follows that |i − j| = tk + 1. By Lemma 3, d G (i, j) > k and we are done. Table 4 we have c j = c i ± k±1 2 . We consider the following possibilities. Table 4 we obtain |i − j| = Table 4 we have |i − j| = 
2 = k and we are done. We have shown that the defined labeling is a radio k-labeling of G. The maximum used label is
Theorem 5. Let t ≥ 4 be an even integer and k ≥ 1 be and odd integer, let G be a distance
Proof. First we define a periodical pattern of labels. For vertices 1, 2, . . . , tk + 1 of the distance graph G we set labels using the following table. Table 5 : A periodical pattern for G = D(1, t) and even t.
Then we can define a labeling c of all vertices of G setting c(a + b(tk + 1)) = c(a), a ∈ {1, 2, . . . , tk + 1} and b ∈ Z, i.e., we repeat the defined periodical pattern for all vertices of G = D(1, t).
Now we show that the labeling c is a radio k-labeling of G, i.e., the inequality (1) Case 2: Table 5 we have
2 . From Table 5 we also obtain |i− j| =
Thus we have shown that, for every even t ≥ 4,
We have shown that the defined labeling is a radio k-labeling of G. Clearly the maximum used label is
D(t − 1, t)
Now we consider the distance graph G = D(t − 1, t). For even k we did not find any improvement of the upper bound for rl k (G) given in Theorem 2. But for odd k we prove the following statement which decreases the upper bound for rl k (G) given by Theorem 3.
Theorem 6. Let t > 2 be an integer and k ≥ 3 be and odd integer, let G be a distance
Proof. First we define a periodical pattern of labels. For vertices 1, 2, . . . , tk + t + 3 of the distance graph G we set labels using Table 6 , where l = k − 1. Table 6 : A periodical pattern for G = D(t − 1, t) and odd k.
Then we can define a labeling c of all vertices of G setting c(a + b(tk + t + 3)) = c(a), a ∈ {1, 2, . . . , tk + t + 3} and b ∈ Z, i.e., we repeat the defined periodical pattern for all vertices of G = D(t − 1, t). Now we show that the labeling c is a radio k-labeling of G, i.e., the inequality (1) holds for every i, j ∈ V (G). Note that the length of the pattern is tk + t + 3 and clearly d G (i, j) > k for every i, j with |i − j| ≥ tk + t + 3. Therefore it suffices to prove that there is no conflict in labeling c between vertices in two consecutive copies of the pattern. If Table 6 , it follows that |i − j| > tk, implying that the inequality (1) holds.
2 . By the definition of the pattern given by Table 6 , |i−j| = 4 Values and bounds for rl k (D(1, 2, . . . , t), rl k (D(1, t)) and rl k (D(t − 1, t)) for small k, t.
Lower and upper bounds on radio k-labeling number of the distance graphs D(1, 2, . . . , t), D(1, t) and D(t − 1, t) can be obtained from theorems and propositions given in Sections 2 and 3. For small values t, k ∈ {2, . . . , 9}, we improve these bounds using a computer.
For finding lower bounds we used brute force search program. The program takes vertices X = {1, 2, . . . , i} of the distance graph G and it tries to construct a radio k-labeling c of X using labels 0, . . . , l. First it assigns label 0 to vertex 1 (there must be a vertex with label 0, otherwise we can decrease all labels to get smaller bound) and tries to extend c to X. If the extension is not possible we conclude that rl k (G) > l.
For finding upper bounds, we found and verified (again using computer) patterns, which can be periodically repeated for a whole distance graph G. 
